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ABSTRACT

With the several incidents of large amplitude roll motion of ships observed at sea over
the past two decades, dynamic stability of modern ship types has assumed signifi-
cant importance. The move by the International Maritime Organization to develop
a second generation level-2 criteria has resulted in a considerable attention to the
development of simplified analytical models for roll motion. Especially for the prob-
lem of parametric roll, there is still no analytical model which accurately captures
the nonlinear roll restoring stiffness taking into account the combined effect of inci-
dent waves and dynamic heave and pitch motions of the vessel. This paper extends
our previous work (Somayajula and Falzarano 2017) to accurately capture both the
linear and higher order time varying roll stiffness coefficients through an analytical
model while taking into account incident waves and dynamic motion of the ves-
sel. This approach called the Volterra GZ method is compared against the existing
simplified models and a nonlinear time domain simulation program to demonstrate
better agreement of the proposed approach.
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1. Introduction

Since the accident of APL China in 1998, accurate modeling of roll restoring moment
or roll restoring arm of ships in head seas has received wide attention from several
research groups across the world. Over the past two decades, several models have been
proposed to simplify the problem for further analytical study. However, the accurate
modeling of parametric roll continues to be an active area of research and the academic
community has not yet agreed upon a single accepted approach to calculate the roll
restoring arm in longitudinal seas.

Paulling (1961) was one of the earliest researchers to extensively study this phe-
nomenon. Paulling (1961) computed righting arm curves in longitudinal regular waves
and validated them against experiments. Although he was able to derive an analytical
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method for calculation of metacentric height GM (¢), a similar analytical model could
not be obtained for the righting arm GZ(t). Neves and Rodriguez (2005) (also see
Neves and Rodriguez 2007) derived a more rigorous third order analytical model for
roll restoring arm based on an approach similar to Paulling. However, the downside
of this model is its significant complexity and the computation of several geometry
based coefficients (Bulian 2006). A simplified model and a panel method code were
investigated by Spyrou et al. (2008). It was concluded that the analytical formulae de-
veloped for a Matheiu-type system did not quite capture the reality of non-harmonic
variation of GZ in waves. A Mathieu-type model and a Hill’s equation based model
for parametric roll were compared by Moideen et al. (2012, 2013). It was found that a
Hill’s equation model was more accurate as it accounted for the non-harmonic varia-
tion of metacentric height even when the ship is subjected to regular waves. Including
the linearized quadratic roll damping Moideen et al. (2012) extended the traditional
Ince-Strutt diagram into a 3-D plot providing the bounded roll motion amplitude.
However, all of the studies mentioned above are limited to regular incident waves and
cannot be easily extended to irregular waves.

A popular approach to extend regular wave analysis to irregular waves using the
concept of Grim effective wave (originally studied by Grim (1961)) has been investi-
gated by many researchers including Bulian (2008); Umeda et al. (2004); Hashimoto
et al. (2006) and Dostal et al. (2012). The Grim effective wave approximates the spa-
tial wave elevation at each time by a least square fit regular wave whose wavelength
is equal to the ship’s length. This approach has received wide popularity due to its
ease in reducing the problem in irregular seas to that in regular waves. However, a
comparative study of various simplified models for parametric roll undertaken by So-
mayajula and Falzarano (2017) demonstrated that the Grim effective wave models do
not agree very well with the nonlinear time domain simulation program which has
been validated against experiments. Bulian et al. (2008) studied the Grim effective
wave models extensively and concluded that the match with experiments was only
somewhat reasonable.

A different alternative to the Grim’s effective wave approach to calculate the roll
restoring stiffness in irregular waves was investigated originally by Palmquist (1994)
and later formalized by Hua et al. (1999). This approach modeled the metacentric
height GM in waves using a series of Volterra transfer functions. Although this ap-
proach does not capture of variation of nonlinear roll restoring arm GZ in irregular
waves, it has still received significant interest. Moideen et al. (2014) and Somayajula
et al. (2014) applied the Volterra GM approach to simulate parametric roll of a C11
container ship in head seas. This approach has been further extended by Somayajula
and Falzarano (2014, 2015b) to include a time invariant cubic restoring arm. Hua’s
model (Hua et al. 1999) includes a time varying KG contribution to the time vari-
ation of GM. However, it is quite well known that KG of a ship (distance between
the keel and the center of gravity) is time invariant. Somayajula and Falzarano (2017)
introduced this correction and compared this model against both the Grim effective
wave model and a nonlinear time domain simulation program described in detail in
Somayajula and Falzarano (2015a). This study demonstrated that both the Volterra
GM and Grim effective wave approaches over predict the roll response when compared
against a time domain simulation program which was validated with experiments.

Simple and yet accurate modeling of parametric roll of ships in irregular seas contin-
ues to be challenge and is still an active area of research. In this paper a new modeling
approach - the Volterra GZ method - is proposed to overcome some of the limitations
of the existing approaches. This method extends the Volterra GM approach to analyt-




ically model the time varying restoring arm GZ in irregular waves without imposing a
harmonic fit approximation like Grim effective wave while accounting for higher order
time varying restoring stiffness terms.

2. Single Degree of Freedom Roll Equation of Motion

For a ship subjected to head on waves, the roll mode of motion may be assumed
to be approximately decoupled from the other modes (Webster 1989). The 1-DOF
roll equation of motion can then be expressed as shown in (1). Both the linear and
quadratic viscous roll damping coefficients are obtained using the standard Himeno
(1981) approach and the details are described in Falzarano et al. (2015).

t
(144 + Aga(00)]9 + / Ku(t — 7)(7)d7 + B1¢ + Bod|d| + Caa(t,0) =0 (1)

where

144 is the roll mass moment of inertia

Ay4(00) is the infinite frequency roll added moment of inertia

K44(7) is the roll impulse response function (IRF) / roll retardation function

B is the linear roll damping coeflicient due to viscous effects

Bs is the quadratic roll damping coefficient due to viscous effects

Cy4(t, @) is the nonlinear instantaneous roll restoring moment including the dynamic
effects due to instantaneous wave elevation and the heave and pitch motions

The roll impulse response function Ky4(7) is computed from the encounter frequency
dependent roll radiation damping Bas(we) as shown in (2). The added mass and ra-
diation damping at various frequencies including the infinite frequency are obtained
using an in-house frequency domain panel method code (Guha and Falzarano 2016).

Kaa(r) = 2 /0 " [Baa(we) — Baa(00)] cos(wer)dwe ()

™

In a previous investigation into the phenomenon of parametric roll using nonlinear
time domain simulation (Somayajula and Falzarano 2015a) it was observed that even
after the onset of unstable roll motion, the heave and pitch motions of the vessel closely
follow the linear theory. However, the heave and pitch motions of the vessel lead to a
significant time varying change of the instantaneous underwater displacement which
must be captured accurately to model the parametric excitation responsible for large
amplitude unstable roll motion. It is noted that the time variation of the stiffness term
Cu4(t, ¢) also implicitly includes the effects of instantaneous heave £3(¢) and pitch &5 ()
motions of the vessel.

3. Roll Restoring Moment

The roll restoring moment of a statically balanced ship can be expressed as the product
of the weight W = pgVy and the restoring arm GZ where Vg is the calm water
displacement of the vessel. In case of a static equilibrium, the moment due to the
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Figure 1.: Roll restoring moment

weight and the restoring moment are equal and opposite. However, in a dynamic
equilibrium as described by (1), there are other forces such as inertial, damping and
external forces acting on the system. This implies that the buoyancy force is no longer
equal in magnitude to the weight.

Consider a transverse section of a ship at a distance x from the origin as shown in
Figure 1. Let Wy Lo be the calm water line and Wi L; be the relative waterline (includ-
ing the effects of the incident wave, heave and pitch motions) for an instantaneous roll
angle ¢. It is assumed that the rotation is considered about the longitudinal axis of
the body fixed frame with its origin at O. Due to the change in underwater hull form,
the center of buoyancy shifts from By to B. The buoyancy force Fg = pgV (¢, ¢) now
acts along the line BM. From Figure 1 the instantaneous moment about O is given

by (3).

C44(L‘,(]5) =Fpg x OP — W x ON
= pgV(t,$)OP — pgVoON

— pgVo [opwvt‘z’) - ozv}
= pgVoG Ze(t, d) (3)
7t — [OPV(V“” - ON} (4)
0

The dynamic righting arm defined by GZ.g depends on both instantaneous arm
lengths as well as instantaneous underwater displacement. For convenience we shall
drop the subscript and refer to the dynamic restoring arm as GZ instead of GZ.g.
Substituting (3) into (1) and dividing by [l44 + A44(00)] leads to the non-dimensional



form of the roll equation of motion given by (5).

¢
b+ / kag(t — T)P(T)dT + b1 + bad| | + casGZ(t, ¢) = 0 (5)
where
. K44(7‘) . Bl
) = T Aneo)] T Tt An(oo)
by — By o = PgVo

[L44 + Aga(00)] (144 + Ag4(00)]

In (5), the parameters k44(7), b1, b2 and c44 are known values. For a complete ana-
Iytical description GZ(t, ¢) needs to be analytically expressed in terms of parameters
which are dependent on the geometry of the hull form.

The wave elevation in irregular head seas (3 = 180") can be expressed as a superpo-
sition of linear regular components as shown in (6) where ay,, kn,, wy, and €, represent
the amplitude, wave number, encounter frequency and phase of the m!”* regular wave
component.

N
n(tjx) = Zam |:ei(kmz+wmt+em) 4 e*i(km:erwmtJrem) (6)

Assuming that &3(wy,) and &5(w,,) are the heave and pitch response amplitude
operators (RAO) at encounter frequency wy,, the corresponding relative wave elevation
incorporating the dynamic heave and pitch of the vessel can be expressed as shown in

(7).
| X
_ = H(wWmttem) | 5 —i(wmttem)
r(t,x) 5 g am [V(wm,ac)e + U(wm, z)e } (7)

where (7) denotes the complex conjugate and v(x,wy,) and v(x,w,,) are given by

(@ wm) = [0 = ga(wm) + 2€5(wm)] ®)

P wm) = [0 = Ey(wm) + 285 (wm)| 9)

4. Volterra Series Method for GZ Variation

This section describes the method of obtaining the GZ variation in waves using a
Volterra series approach. This is an extension of the Volterra GM method proposed
by Somayajula and Falzarano (2017) where the linear stiffness term was assumed to
change in waves while the cubic and higher order terms were assumed to be invariant
with time. Time varying GZ can be expressed as shown in (10) where the explicit
dependence with respect to time ¢ and instantaneous roll angle ¢ is shown.

GZ=GZ(t,¢) (10)



The ship is divided into a set of transverse sections which allows expressing GZ (¢, ¢)

in terms of WQD(IS, x, @) as shown in (11) where V is the displacement under the calm
waterline in upright condition and A(x) is the sectional area under the calm waterline
at the section located x meters from midship in the upright condition.

= l az*’ i x)ax
-5 | 67" . 0) A (1)

It can be seen from (11) that WZD depends explicitly on time t. However, at the

local section located at a distance x from midship, the time dependence of GZ°" is
due the change of instantaneous draft at the section with time. Thus, without loss of
generality, the time dependence can be expressed in terms of the local draft as shown
below

GZ(t, ) = % /L GZ°° (T + r(t, ), 7, ) A(x)da (12)

where T' is the mean draft in calm water and r(¢,x) is the relative waterline as

defined in (7). Assuming a separation of variables, GZ°" can be expressed as an odd
polynomial of roll angle ¢ with coefficients which are functions z and r(¢, x) as shown
n (13).

GZ(T +r(t,2),2,¢) = ki(T + r(t, ), 2)p + k(T + r(t, ), 2) >
+ ks(T +r(t,x), 2)¢° + ... (13)

Substituting (13) into (12) results in polynomial approximation for GZ

GZ(t,0) =K, (t)p + K3(t)¢> + K5(t)¢® + ... (14)
where
Ki(1) = é /L k(T + r(t,:c),a:)A(:p)dx: (15)
Ks(t) = é /L k(T + r(t,x),x)A(m)dw: (16)
Ks(t) = é /L ks (T + r(t,:c),x)A(w)dx: (17)
and so on

Expanding k;(T + r(t,z),z) for i = 1,3, 5, ... as Taylor series about the mean draft
T, K;(t), the time varying coefficient of ¢* in (14), can be expressed as

Kt v/ () A@) e+~ [ 25T, 2yt 2) A da

v/, 92
1 2
/ 5 r2(t, ) A(z)dz + ... (18)
Ki(t) =K + K )+K<2>() (19)




where

Kp):éalkxﬂxLMxMx (20)

KM (1) = %&ﬂm@@mmm (21)
2

K xn/;%é 2t 2) A(z)dx (22)

The functions k;(T, z), %’i (T, x) and 8 k (T, z) depend on the geometry of the ship.

k;(T,x) are obtained by polynomial ﬁttlng the GZ°" curve at a section located at a
longitudinal distance x from the origin with respect to the roll angle ¢. The deriva-

tives are obtained by applying a 5-point finite differencing scheme applied to GZ°
evaluated at different mean drafts.
Substituting the relative wave elevation from (7) in (21) results in an expression for

KZ-(l)(t) as shown in (23)

(1) 1 Ok;
1 ( ) v L az

N
1 Ok; .
— H(Wmt+em)
5 mE:1 A, { i —(T, z)v(wpm, x)da:}e

1 [ Ok .
—i(Wmttem)
+{V/L P (T, x) (Wi, )dx}e ]

1 N
iza |: m ZUJMH_em Jrfz( m) z(wmt—&-em)i| (23)

m=1

(T, x)r(t,x)A(x)dx

where f;(we) is the first order transfer function given by

Ok

filwe) = V 1 0z 2

T, z)v(we, z)dx (24)

The above approach is applied to a C11 container ship assumed to have a forward
speed of 8 knots. The body plan and particulars of the vessel are shown in Figure 2
and Table 1 respectively. The first order transfer functions f;(w;) i = 1,3 and 5 for
the C11 hull form are shown in Figure 3. Substituting the relative wave elevation from

(7) in (22) results in an expression for Ki@) (t)

2
K v/;%2 r2(t, 2) A(x)da (25)



Table 1.: Details of the C11 hull form

Particulars Value
Length between perpendiculars L,, (m) 262.00
Breadth B (m) 40.00
Depth D (m) 24.45
Mean Draft 7' (m) 12.32
Displacement A = pV (tonnes) 76056.00
Vertical Center of Gravity KG (m) 18.32
Metacentric Height GM (m) 1.973
Roll Natural Period T}, (sec) 22.78

il

Z

Figure 2.: Body plan of the C11 hull form
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where u;(we, we) and v;(we, w,) are second order transfer functions given by

womon) = [ 3BT Do Do ) 9
imsion) = [ 5B 0P (29)
01wy ) = / ;%(T,x)y(wm,x)y(wn,x)dx (30)
(s o) = / = %222 (T, 2)5(m, )P (o, 2)da (31)

The second order transfer functions u;(we,w,) and v;(we,we) for @ = 1,3 and 5 are
shown in Figure 4. Thus the effective restoring arm in waves GZ(t, ¢) is given by (32)

GZ(t,¢) =K1(t)p + K3(t)> + K5(t)¢° + ... (32)
Ki(t) =K + KV () + K2 (1) (33)

where KZ»(O) represent the time invariant coefficients of i*" power of ¢ for the calm

water @ curve K, (a )( t) and K; (2 )( t) represent the time varying change of the coeffi-
cients of i*" power of ¢ for the effectlve restoring arm GZ in waves and are given by
(34) and (35) respectively.

N
1 . _ »
KO0 = 53 am [fiem)ent5e0) 4 fiap)ent )] 39
m=1
1 N N . .
KD (1) = 7 303 amtn [us(wm, wn)e{Emtenentent gy, el llen—entren e}
m=1n=1
+Uz<wm7wn)el{ —wmtwn)tenten} + ai(wmawn)ei{(iwm70‘)")15767”76"} (35)
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Figure 5.: Capture of instantaneous GZ by different orders of Volterra GZ model

Generally, it is quite common to approximate the roll restoring arm by a cubic
polynomial of roll angle. For wall sided ships, it is well known that the roll restor-
ing arm exhibits an initial hardening for smaller roll angles followed by an eventual
softening. Such a characteristic can only be captured by a polynomial of at least 5"
order. However, studies by Falzarano (1990) have shown that sometimes even a 7 or
even a 9" order polynomial is required to capture the calm water restoring arm. In
order to determine the required order to capture the time varying nonlinear stiffness
during parametric roll, the GZ at an instant in a 3-hour long simulation incident to
a Bretschneider spectrum with with H, = 5.0 meters and 7}, = 13.0 seconds is calcu-
lated exactly and compared against various orders of Volterra GZ model. It is clearly
seen from Figure 5 that both quintic (5" order) and septic (7** order) stiffness mod-
els are insufficient in this case to capture the time varying stiffness of C11 hull form
in irregular waves. An 11" order polynomial is seen to provide an accurate capture
and is used in the further analyses. The effective restoring arm in waves GZ(t, ¢) is
substituted into (5) and resulting differential equation is solved for the roll motion.

5. Comparison of Single Degree of Freedom Models

The simulated parametric roll motion using the Volterra GZ method is compared
against a previously validated (Somayajula and Falzarano 2017; Somayajula 2017)
nonlinear time domain simulation program - SIMDYN and is shown in Figure 6. Also
comparisons are made between the roll motions predicted by Volterra GZ method
and the following three alternate approaches popular in the literature to model the
restoring arm in waves:

1. Volterra GM model with time invariant higher order stiffness terms retained
from calm water GZ curve

12
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Figure 6.: Comparison of roll motion between “SIMDYN” and “Volterra GZ model”
of Pram hull form in a 3-hour realization of a Bretschneider spectrum with Hy; = 5.0
meters and 7j, = 13.0 seconds

2. Improved Grim effective wave (IGEW) model incorporating dynamic heave and
pitch effects
3. Grim effective wave (GEW) model incorporating dynamic heave and pitch effects

The details of the three alternate models have been discussed by Somayajula and
Falzarano (2017) and are not repeated here for brevity. The roll response of all the four
models to the same three hour long wave elevation record generated from a Bretschnei-
der spectrum with Hy = 5.0 meters and 7}, = 13.0 seconds are simulated and compared
against the SIMDYN simulation. A comparison of the roll spectra from each model
and SIMDYN are shown in Figure 7. It can be seen that the Volterra GM method
significantly over-predicts the roll response. Both the IGEW and GEW GZ methods
(both including dynamic heave and pitch effects) lead to a roll spectrum peak shifted
away from the roll spectrum peak obtained from the SIMDYN simulation. Although,
Volterra GZ method has a peak matching with the SIMDYN simulations but it also
shows a larger bandwidth with a significant energy being observed at the peak location
of IGEW and GEW models.

Each of the single degree of freedom models differ from SIMDYN in terms of the
physics involved in them. SIMDYN, described in Somayajula and Falzarano (2015a);
Somayajula (2017), uses Wheeler (1970) stretching to capture the dynamic pressure
above the mean water line. However, the single degree of freedom models assume a
purely hydrostatic pressure over the instantaneous underwater hull form to calculate
the effective restoring arm. As the single degree of freedom models do not include the
effect of dynamic pressure in calculation of GZ(t, ¢), the resulting roll amplitudes are
expected to differ. However, it can also be seen that of the suggested four single degree
of freedom models, the Volterra GZ model is the closest to SIMDYN simulations in
terms of the spectral peak. In order to confirm that this is not a specific example,
several random seeds are tested and it is found that in each case the results are similar
to as observed in Figure 7.
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Figure 7.: Comparison of roll spectra using different modeling techniques

6. Conclusion and Future Work

A new analytical model is proposed for parametric roll of ships in irregular head seas
which can accurately capture the time variation of both linear (GM) and nonlinear
(cubic, quintic and higher order stiffness components) part of the restoring arm GZ
. The time varying coefficients of various orders of roll stiffness are expressed as a
series of Volterra transfer functions which depend on the geometry of the vessel and
is hence termed Volterra GZ method. A comparison of the proposed model against
other existing popular approaches such as the Grim effective wave models is carried
out. It is shown that the simulated roll motion spectrum from the proposed model
has a much better agreement with multiple degree of freedom coupled nonlinear time
domain simulations as compared to the existing models.

The analytical nature of the developed approach allows for a further analysis can be
carried out by applying methods from interdisciplinary areas of nonlinear dynamical
systems and stochastic dynamics to come up with practical design criteria. These
design criteria can potentially be used by designers in the basic design phase to judge
the susceptibility of a hull form to the dangerous phenomenon of parametric roll.
These design criteria would be in line with the latest developments of the International
Maritime Organization’s (IMO) second generation level-2 criteria for the assessment
of dynamic stability of ships in waves.
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